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Abstract. We apply spectral sequences to derive both an obstruction to the existence of 

n-fold prolongations and a topological classification. Prolongations have been used in the 

literature in an attempt to prove that every Engel structure on M x S^ with characteristic 

line field tangent to the fibers is determined by the contact structure induced on a cross 

<«_^ , section and the twisting of the Engel structure along the fibers. Our results show that 

Cn ■ this statement needs some modification: to determine the Engel structure we additionally 

^ ' have to fix a class in the first cohomology of M. 
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The goal of this note is to present a discussion of prolongations of contact manifolds. For an 
introduction to basic notions of Engel structures, we point the reader to [7, §2.2], [1, §1.2] and 
[8]. Given a 3-dimensional contact manifold (M, ^), we define its prolongation f{^) as the 
§^-bundle over M obtained by projectivizing the contact planes ^ (cf. §4 or see [7, §2.2] and 
[1, §1.2]). In [1], Adachi discusses prolongations of contact manifolds and introduces a notion 
of an n-fold prolongation, which he defines as a fiberwise n-fold covering of P(^). This notion 
is then employed in an attempt to prove that Engel structures T> on 4-manifolds M x S^, 
where M is a closed, oriented 3-manifold and V is an Engel structure with characteristic 
■^ I foliation tangent to the S^-fibers, are determined by the contact structure induced on a cross 

^^ ■ section of M x S^ and the twisting of D along the S^-fibers (see [1, Theorem 1(2)]). His 

ly-^ . definition of the n-fold prolongation and the statement in his Theorem 1(2) in [1] suggest 

that n-fold prolongations of contact manifolds always exist and are unique. Additionally, 
^^ I the proof of Theorem 1(2) in [1] seems to rest in an essential way on a lifting argument, 

which however does not work in general (cf. §2). In §2 we discuss an example which shows 
that the data specified by Adachi in Theorem 1(2) in [1] are not sufficient to determine the 
isotopy class of the Engel structure T> on M xS^. The example we present indicates that, in 
K> ' addition, we have to fix a class in H^{M; Z„). In §3 we apply methods from spin geometry 

C^ ' to provide a topological classification of n-fold prolongations. 

Theorem 1.1. A contact manifold (M, ^) admits an n-fold prolongation if and only if the 
mod-n reduction en(P(^)) of the Euler class e(P(^)) vanishes. The isomorphism classes of 
n-fold prolongations are in one-to-one correspondence with elements of H^{M;'Zn). 

The main ingredient in the proof of this theorem is the classification of fiberwise n-fold 
coverings of S^-bundles over a given manifold M. We provide this classification in Theo- 
rem 3.3. Its proof uses techniques coming from the characterization of spin structures. As 
a corollary, we are able to show that, in order to determine the isotopy class of an Engel 
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structure T> on M x S^ whose characteristic fohation is tangent to the fibers, we need both 
the set of data specified by Adachi and a class in H^{M;Z,n) (see Corollary 4.1). 

Finally, in §5 we investigate which contact structures admit n-fold prolongations. We prove 
the following general existence result. 

Theorem 1.2. Every 'i- dimensional contact manifold (M, ^) admits both 2-fold prolonga- 
tions and 4-fold prolongations. 

This is derived by showing that the Euler class e{¥{^)) lies in the subgroup 4 • H'^{M; Z) of 
H^{M; Z). Furthermore, we see that, in fact, each element q £ 4- H'^{M; Z) is given as the 
Euler class e(P(^)) of the prolongation of a suitable contact structure ^. Consequently, for 
every n ^ 2,4 there is a contact structure which does not admit an n-fold prolongation. 

Ackno'wledgements. The first author wishes to thank Hansjorg Geiges for pointing his 
interest to the subject and for useful conversations. We wish to thank the referee, the editor 
and especially Hansjorg Geiges for useful comments which helped to improve the exposition. 

2. An Introductory Example 

In this section we provide an example which illustrates that Theorem 1(2) in [1] needs some 
modification. We will investigate fiberwise n-fold coverings of the §^-bundle T^ x S^ — > T^ . 
The considerations presented in this section show that fiberwise n-fold coverings are in one- 
to-one correspondence with elements of H^{T^]'Ln) (cf. Theorem 3.3). 

We consider the 3-dimensional torus T^ with coordinates {x,y,z). Given some vector a G 
Z'^ n [0, n — 1]'^, we define a fiberwise n-fold covering cpa'- T^ x 8^ ^ T'^ x E>^ by 

(t>cx{p,0) = {p,n9 + {a,p)). 

Here we use the identification S^ = M/Z. The restriction of (pet to a fiber of T^ x §^ 
corresponds to the unique connected n-fold covering of the circle. Observe that a determines 
a cohomology class in //^(T^;Z„): by the universal coefficient theorem we know that the 
group H^{T^;Zn) is isomorphic to the group Hom(f/'i(T^; Z); Z„), whose elements - by 
fixing the standard generators of Hi{T^; Z) - are uniquely determined by a vector in Z^ n 
[0,n-l]3. 

For a and a' with a ^ a' , the coverings (pa and (p^' are not equivalent: Suppose they 
were equivalent, then there exists a covering isomorphism ip such that (pa ° i^ = <Pa'- The 
morphism ip^ on fundamental groups is given by the matrix 



ip* 



for suitable integers a,b,c G 7, and we have that {(pa)*ip* = i4'a')*- This implies the equality 
a' = a -\- n ■ {a,b,c), which means that a' = a considering the fact that they are both 
vectors in Z^ n [0, n — 1]^. 
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Conversely, given a fiberwise n-fold covering (/): T"^ x S^ -^ T^ x §^ we associate with 
it a cohomology class ct in H^{T^;1,n) as follows: As outlined above, we have to assign 
an element in Z„ to each of the standard generators of Hi{T^;'E). Take such a standard 
generator, c say, and lift it to an einbedded circle c C T^ x S^. Write p2 for the projection 
of T^ X S^ to the S^-factor. Then we define 

a{c) = deg(p2 o (j) oc) mod n. 

Observe that this is well defined, since (j) is a fiberwise n-fold covering. This algorithm 
defines a morphism a: i7i(T^;Z) — > Z„, which corresponds to a class in H^{T^;7jn) by 
the universal coefficient theorem. 

2.1. An Example of Non- Equivalent Prolongations. Choose ^ to be the standard 
contact structure on T^, i.e. ^ is defined as the kernel of the contact 1-form given by 
sm{2Trz)dx + cos{2TTz)dy. The contact planes are spanned by dz and 

Vp = cos(27r2:) dx + sin(27r2:) dy 

where p = {x, y, z). The prolongation P(^) can be naturally identified with the 4-dimensional 
torus T^ X S^ with coordinates {x, y, z, 9) and the corresponding Engel structure 'D{^) is 
spanned by the tangent vectors dg and cos(7r6') dz + sin(7r^) Vp. Using the fiberwise n-fold 
covering (p^ from above, we can pull back the Engel structure T>(£^), so that we get a new 
Engel structure, which we denote by 'C^(^). At the point (p, 9) the Engel plane 2I^q(O(p,0) 
is spanned by the tangent vectors de and 

cos {jT{n9 + {a,p) )) dz + sin {^{nO + {a,p) )) Vp. 

The Engel manifolds {T^ x S^, D^(^)) are pairwise non-equivalent if we allow only isotopies 
through Engel structures with characteristic foliation tangent to the S^-fibers. These special 
isotopies appear in the proof of Corollary 4.1. If one considers general isotopies through 
Engel structures, then it is not clear which of these structures are isotopic. 

3. Characterization of Fiberwise Coverings 

Let us denote by ipn'- S^ ^> S^ the connected n-fold covering of the unit circle §^, where n 
is some positive integer. Suppose we are given an S^-bundle P — ?• M over a closed, oriented 
manifold M. We define a fiberwise n-fold covering of P as a pair (Q, </>), where Q is an 
§^-bundle over M and (j) \s a. smooth map Q ^ P such that its restriction (J)\q , for every 
X £ M, is a map Qx — > Px which corresponds to the n-fold covering map c^„: S^ — )■ S^. 
Before we move our focus to the characterization of fiberwise n-fold coverings, we show that 
their existence is tied to the following condition on the Euler classes of the bundles. 

Lemma 3.1. Let ttq: Q ^ M and vrp: P — > M be two principal S^ -bundles such that 
there is a bundle map (j): Q ^ P whose restriction to the fibers corresponds to the map (pn, 
then e{P) = n ■ e{Q). 

Proof. The Euler class provides an isomorphism 



4 MIRKO KLUKAS AND BIJAN SAHAMIE 

where H^[M]S^) naturally corresponds to equivalence classes of principle S^-bundles over 
M. So, the statement of the lemma can be rephrased in terms of Cech cochains: Let 
ii = {Ua}a be an open covering of M, let {(?„«} be the Cech cochain representing the 
bundle Q and let {g^a} be the Cech cochain representing P. We have to prove that the 
Cech cohomology classes [{n ■ (g^^)}] = n • [{(g^^)}] and [{g^^}] are equal. 

Associated to the open covering it, the bundles Q and P admit bundle charts {ta} and 
{t^}- Now consider the maps (pa = ta ° 'P ° (^q )~^- Since the restriction of to the fibers 
of Q corresponds to ipn, the equality 

4'a{p,0) = {p,l^a{p) +n-e) 

holds for suitable fia '■ Ua — > S^ • Because the (j)a come from the well-defined bundle map 
(f), we have that 

M9%{P,0))=9a(s{MP,0)) 
for all p £ Uaf^Up and 6 £ S^. This is equivalent to saying that 

^/3(P) + "- • 9al3ip) - l-l-aip) = 5^/3 (p) 

for allp G Ua^Ufi. Hence, {n^g^a)} and {g^g} differ by the boundary of the Cech-1-cochain 
{^a} and the result follows (cf. [5, Appendix A]). D 

From the relationship of the Euler classes presented in Lemma 3.1 we see that the mod n 
reduction of the Euler class is an obstruction to the existence of fiberwise n-fold coverings, 
i.e. the existence of fiberwise n-fold coverings imply the vanishing of the mod n reduction of 
the Euler class. In fact, the converse statement is true as well (see Theorem 3.3). Its proof 
will occupy the remainder of this section. As in the characterization of spin structures used 
in [5, §1] (see especially sequences (1.2) and (1.4) of [5]), we find it opportune to work with 
Cech cohomology. 

Proposition 3.2. An S^ -bundle S^ — > P — > M induces the following long exact sequence 

H^{M; Zn) ^^ H^P; Z„) ^^ H\S^;Zn) ^- H^M;Zn), 

where the map d sends the generator of H^CB^'jZn) to the mod n reduction of the Euler 
class e{P). 

To give a bit of explanation, observe, that an n-fold covering of the space P corresponds 
to an element in H^{P;Zn) (cf. [5, Appendix A]). A fiberwise n-fold covering {Q,(j)) is an 
ordinary n-fold covering and, thus, we may think of the pair [{Q, (f>)] (or simply [Q]) as an 
element in the first cohomology of P. The statement that it is fiberwise ifn is equivalent 
to saying that the pullback bundle l*{Q,(J)) is isomorphic to (fn- In terms of the exact 
sequence presented in Proposition 3.2, this amounts to the equality i*[Q] = [ipn] where [(/?„] 
is a generator of H^{§:^;Zn) (cf. [5, §1] and [5, Appendix A]). 

Theorem 3.3. Given an S^ -bundle P — ?> M, a fiberwise n-fold covering of M exists if 
and only if the mod n reduction en{E) of the Euler class e{E) is zero. In this case, the 
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isomorphism classes of fiberwise n-fold coverings of M are in one-to-one correspondence 
with elements of H^{M]'Ln)- 

Proof. By Proposition 3.2 the following sequence is exact: 

H\M- Z„) ^^ H\P- Zn) -^-^ H\S^;Zn) -^^ if2(M;Z„). 

The mod n reduction of the Euler class e(P) will be denoted by Cn- Suppose that a fiberwise 
n-fold covering Q oi P exists. Then [Q] is an element of H^{P; Z„) such that i*[Q] = [Vn]- 
Thus, by exactness of the sequence, 

= d{i*[Q])=d[^n\=en. 

Conversely, assuming that e„ = 0, we have d[ipn] = e„ = 0. By exactness, this implies the 
existence of an element q € H^{P; Z„) which is mapped to [(/?„,] under t*. But q corresponds 
to a fiberwise n-fold covering of P. 

The isomorphism classes of fiberwise coverings correspond to the set ('•*)~^([9?n]) on which 
TT* - by the sequence above - induces a free and transitive ii^^(M; Z„)-action. Hence, we 
obtain a one-to-one correspondence between iJ^(Af;Z„) and the isomorphism classes of 
fiberwise coverings. □ 

It remains to prove Proposition 3.2. We just sketch the proof, since it is analogous to the 
proofs of the exact sequences used in the characterization of spin structures (see [5, §1]). 

Sketch of Proof of Proposition 3.2. We look at the Leray-Serre spectral sequence with £'2- 
page given by El'" = RP {M ; H'^ {§^ ; Zn)) (see [6]). By applying the fact that i73(§i;Z„) 
is non-zero for q = 0,1 only, we see that E^ = £'2' = H^{M\Zn) and that £00 = £3' ■ 
Thus, we obtain the following exact sequence 



d.-)' 



H\M- Zn) H^{P; Z„) E^/ ^ H^{M; Z„). 

In fact, it is not hard to see that E2 equals -ff"^(S^;Z„) and we obtain the exact sequence 
as proposed. With a discussion similar to the spin case (see [4] and cf. [5, §1]) it is possible 
to prove that (ig' sends the generator of H^{^^;Zn) to the vnod-n reduction of the Euler 
class e{P). U 

4. Engel Structures with trivial Characteristic Line Field 

An Engel structure is a maximally non-integrable 2-plane distribution D on a 4-dimensional 
manifold Q, i.e. P is defined as a 2-plane bundle for which £ = [D, V] is of rank 3 and [£, £] 
of rank 4. Inside the Engel structure V there is a line field C given by the condition that 
[C, £] C £. This line field is called the characteristic line field and its induced foliation 
on Q the characteristic foliation of "D. Engel structures arise in a natural way as pro- 
longations of contact 3-manifolds. Given a contact 3-manifold (Af , ^) one can consider the 
bundle P.^ whose fibers are the projectivizations of the contact planes, i.e. for every p € M a 
point q € (F^)p corresponds to a line I C S,p in the contact plane. Note that by construction 
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this 4-nianifold carries the structure of an S^-bundle p : P,^ ^ M over M. Furthermore, we 
obtain a natural plane distribution D^ C TP^ given by 

This distribution defines an Engel structure whose characteristic line field is tangent to the 
S^-fibers of the bundle. 

Now, assume we are given an oriented S^-bundle tt : Q ^ M over some 3-manifold M and 
an Engel structure V C TQ with characteristic line field C tangent to the fibers. Since the 
induced distribution [V, D] C TQ is preserved by any fiow tangent to C, we obtain a well- 
defined contact structure ^ = tt^,{[T>,'D]) on M. Furthermore, one obtains the development 
map 

by assigning to a point q £ Q the element </'x'(?) in (^{0)'K(q) which corresponds to the 
1-dimensional subspace Tg7r{'Dg) of the contact plane Cn{q)- Note that (f)v{'T>) = V^ and 
that (/)2? defines a fiberwise n-fold covering of P(^), where n G N denotes the degree of 
the development map restricted to a fiber. We will refer to such (Q, D) as an n-fold 
prolongation of (M, ^). 

Proof of Theorem 1.1. Suppose that e„(P(^)) vanishes. Then Theorem 3.3 implies the ex- 
istence of a fiberwise n-fold covering <^: Q — > IP(C)- The space Q is itself a §^-bundle over 
M. We define an Engel structure P on Q by setting T> = {T(f))~^{T>{^)^. 
Conversely, given an n-fold prolongation, the development map is a fiberwise n-fold covering 
of P(^), which by Lemma 3.1 or Theorem 3.3 implies the vanishing of en(P(C)). 
By the statement of Theorem 3.3 and the discussion from above we see that - in case of exis- 
tence ~ n-fold prolongations are in one-to-one correspondence with elements of H^{M; Z„). 

D 

Now we have everything ready to prove a modified version of [1, Theorem 1(2)]. 

Corollary 4.1. Suppose we are given an oriented Engel structure T> on M x E>^ whose 
characteristic line field is tangent to the E^^ -fibers. Denote by ^ the contact structure on the 
base given by ^ = tt^{[V, T>]) where vr is the projection of M xS^ onto M. Let n € N denote 
the twisting number ofV and let a be a suitable class in i?^(Af;Z„) associated to T>. Then 
T> is determined up to isotopy by the set of data {^,n,a). 

Proof. Let Q be an §^-bundle over a closed, oriented 3-manifold M and let T>q and Pi 
be two Engel structures on Q which induce the same set of data {S,,n,a). According to 
our classification of fiberwise n-fold coverings of P(^) the n-fold prolongations {Q, T>q) and 
{Q,T>i) are both equivalent, i.e. there is an isomorphism ip which makes the following 
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diagram commutative 

(g, V) ^^ (Q, V) 




Observe that ip is also an isomorphism of §^-bundles over the identity of M. Hence, when 
Q is the trivial S^-bundle Af x S^, the bundle map tp is isotopic to the identity, showing 
that Do - ^1- □ 

5. On Euler Classes of Prolongations 

In §3 we derived a characterization of fiberwise ?i-fold coverings and we have seen that the 
mod n reduction of the Euler class determines their existence (see Theorem 3.3). In §4 we 
have seen that every n-fold prolongation {Q, T>) of a contact manifold (M, ^) naturally carries 
the structure of a fiberwise n-fold covering of the prolongation P(^) via the development 
map 0X5 (see Theorem 1.1). Thus, the existence of n-fold prolongations of contact manifolds 
is connected to the vanishing of the mod n reduction of the Euler class e(P(^)). This section 
is devoted to determining which contact structures admit n-fold prolongations. We start 
with the proof of Theorem 1.2. 

Proof of Theorem 1.2. Suppose we are given an oriented contact manifold (M, ^). Choose a 
Riemannian metric on M and a trivialization of the tangent bundle TM . Then the 2-plane 
field £, can be described in terms of its corresponding Gaufi map /^ : M — > 5^, which assigns 
to each a; G M the positive normal vector to ^x- In fact, f^TS"^ = ^. Denote by uq the 
positive generator of H^ (S^ ; Z) . Combining naturality of the Euler class under pullback 
with the fact that e{TS^) = 2 • uq, we conclude that e(^) = 2 • f^UQ. The unit-sphere bundle 
.^1 of ^ is a fiberwise 2-fold covering of the prolongation f{^), so that Lemma 3.1 implies 
e(P(^)) = 2 • e(Ci). Because of e(0 = e(Ci) we have 

e(P(0)=4-/|no. 

Hence, both the mod 4 reduction e4(P(^)) and the mod 2 reduction e2(P(^)) of the Euler 
class e(P(.^)) vanish. By Theorem 3.3 the result follows. D 

As a consequence of the last proof we see that n-fold prolongations of contact manifolds 
(M, ^) often do not exist: Recall that the class f^UQ classifies the homotopy type of ^ over 
the 2-skeleton of M (cf. [3, §4.2]). Since in every homotopy class of 2-plane fields there is 
an overtwisted contact structure, it is easy to find examples for which e(P(^)) = 4 • f^UQ is 
non-zero when reduced modulo n. 
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